The (countable) perturbed existentially closed graph S (Gordinowicz, 2010 [5]) was introduced by the second author as a solution to a problem stated by Bonato (Problem 20 in Cameron (2003) [3]). The graph S is not isomorphic to the Rado graph, nevertheless it has the NN c property in the sense that subgraphs induced by the neighbourhood and by the non-neighbourhood of each vertex of S are isomorphic to S. The graph S is given explicitly and is also uniquely -up to an isomorphism -characterized by a perturbed existential closure property (Gordinowicz, 2010 [5]). In the paper we characterize isomorphisms of finite, induced subgraphs of S which can be extended to global automorphisms.
Introduction
In 1964, Rado [6] introduced his fundamental graph R. He also showed that R is universal; that is, any finite or countable graph can be embedded in R as its induced subgraph. The Rado graph has been studied extensively due to its many other interesting properties. There are also many different constructions of the R graph. Surveys can be found in [1, 2] . Graph R is homogeneous: any isomorphism between two induced subgraphs of R can be extended to an automorphism of R. The key to proofs of most properties of Rado graph is existential closure (or e.c.): for any finite disjoint sets of vertices A, B ⊆ V (R) there is a vertex z ∈ V (R) \ (A ∪ B), joined to each vertex of A and to no vertex of B. As any two countable existentially closed graphs are isomorphic, the R graph is unique up to an isomorphism countable e.c. graph.
At the 18th British Combinatorial Conference, Bonato [3] stated the problem: suppose that a graph G has the NN c property defined by the condition that subgraphs induced by the neighbourhood and by the non-neighbourhood of each vertex of G are isomorphic to G. It is clear that R has this property but it is the only known example of such graph. Which other graphs, if any, have this property? The construction of graph S-another graph with the NN c is given in [5] . In this paper we study automorphisms of the graph S.
All graphs considered are simple and undirected. For a reference on graph theory, see [4, 
particularly Chapter 8]. By G[X ]
we denote the subgraph induced by the set X ⊆ V (G) . Let N(v) denote the neighbourhood of any vertex v, while N c (v) denotes non-neighbourhood of v.
Construction of the graph
The proof that the Rado graph has the NN c property is simple-the key is the existential closure. As the graph R is e.c., for any of its vertices both subgraphs induced by the neighbourhood and by non-neighbourhood of this vertex also are and so are isomorphic to R. In an analogous way, the construction of the graph S is based on a certain property, playing the role of the e.c. property-the p.e.c. property (Definition 2.2). It was shown [5] that any two graphs having this property are isomorphic and that the graphs induced both by the neighbourhood and by the non-neighbourhood of any of their vertices keep this property. Finally, an explicit construction of the graph S which has the defined property is given in [5] .
The idea of constructing the graph S having the NN c property was simple. Suppose that a graph G has this property and
induces a subgraph of G isomorphic to the whole G. But nothing is known about N c (u) ∩ N c (v). The intention was to construct the graph S having the NN c property, which for some pairs of adjacent vertices u, v ∈ V (S) satisfies condition
As both neighbourhood and non-neighbourhood of each vertex induce subgraphs isomorphic to S, they must contain an infinite number of pairs of vertices with empty common non-neighbourhood. Therefore, for every finite subset of the vertex set X ⊆ V (S) it was expected than the constructed graph S contains infinite number of pairs of
Definition 2.1. Let G be a countable graph and u, v ∈ V (G). We say that the vertex v is regular if for every w ∈
is finite, then we say that the 2-set {u, v} is perturbating. We denote the set of all perturbating 2-sets of vertices by P(G), while the set of regular vertices is denoted by Q (G).
For the sake of convenience we denote by R the relation in P(G) such that
Let ≺ denote the transitive closure of R so that one has
for some sequence of perturbating 2-sets {w 1 , w 
Moreover, the vertices v and v ′ are adjacent.
(ii) In the set P(G), the relation ≺ given by (2) is a partial order, and for every {u, u 
Considering (iii), one can notice that for any two vertices u, v of the p.e.c. graph both sets
are infinite. From (iv) it follows that the p.e.c. graph is not e.c. Nevertheless, it follows from (iii) that such graph contains the e.c. graph as an induced subgraph. More precisely, if from each perturbating 2-set of vertices at most one vertex is taken, then the subgraph induced by these vertices together with all regular vertices will be existentially closed. 
Proofs are given in [5] .
Automorphisms of the graph S
Let us start an investigating automorphisms of the graph S with the following simple observation. It is clear that each automorphism preserves both regularity of vertices and perturbating 2-sets.
be an automorphism of the graph S. Then it has both properties:
It is clear that the graph S is not homogeneous. On the other hand it can be described which isomorphisms of finite, induced subgraphs of graph S can be extended to global automorphisms. Let us start it with the following definitions. Definition 3.2. We say that a subgraph G ⊆ S is closed if it is a finite induced subgraph satisfying both the following properties:
According to (1)- (2), if G ⊆ S is closed then for any perturbating 2-sets {u, u
Definition 3.3. Let G be any finite induced subgraph of the graph S. Let H be the minimal closed subgraph of the graph S such that V (G) ⊆ V (H). We say that H is the closure of G.
The construction of a closure of any finite induced subgraph is easy and guarantees that the closure always exists. Let V ⊂ V (S) be finite. If we set
then it is clear that both P 1 and P 2 are finite. By Definition 3.2(i) all vertices from P 1 must be in the closure, whereas by (3) the same is true for P 2 . At the final step let us collect together vertices from P 1 and P 2 and add all the missing regular vertices
The induced subgraph S[U] is now closed and it is the closure of S[V ].
Definition 3.4. Let G and H be any two closed subgraphs of S and let f : V (G) → V (H) be an isomorphism between them. We say that the isomorphism f preserves perturbating 2-sets if for each 2-set {u, u
Note, that preserving perturbating 2-sets implies preserving regularity. Analogously, in Observation 3.1 the condition(i) follows from (ii). The description of isomorphisms of finite, induced subgraphs of graph S that are extendible to automorphisms is given in the following theorems. The following lemma is a useful tool for proving Theorem 3.5. As a result of the suitable partition into sequences, the construction of the automorphism is made more clear. 
Proof. Let G be any closed subgraph of the p.e.c. graph. Since vertices in V (S) \ V (G) are either regular or compose mutually disjoint perturbating 2-sets, we will partition V (S) \ V (G) into sequences:
. This is possible because both sets Q (S) and P(S) are countable and infinite while G is finite.
The sequence {(a i , b i )} should be renumbered according to the second condition given in the lemma. We shall construct an appropriate permutation τ = (τ 1 , τ 2 , . . .) of N inductively together with a family of subsets
for every i ∈ N.
To begin with we let
= ∅, the set W 1 is nonempty so we can denote its minimum by τ 1 . For an arbitrary i ∈ N, if W j and τ j are already defined for j ≤ i and satisfy (i)-(iv), we put
and we observe that in fact k is an element of W i+1 \ W i . This proves inductive hypothesis (iv). In order to apply (iii) and define τ i+1 it suffices to note that one has
The difference set is nonempty, so the minimum exists. This concludes the induction.
It remains to prove that the sequence {τ i ; i ∈ N} exhausts N. Properties (iii)-(iv) clearly imply that every element of each W i eventually occurs in the constructed renumbering. Hence one has τ (N) =  i W i , and what we need to show is an equality
We suppose to the contrary that the above equality is not true. By Definition 2.2(ii) the partially ordered nonempty subset
Taking into account any of them we assume that n ∈ N is a fixed positive integer such that the perturbating 2-set {a n , b n } has the following property:
By (1)- (2) the property implies that whenever
. Consequently, the common non-neighbourhood of a n and b n can be described as follows:
Since the above two sets are finite, there exists an i ∈ N such that their union is contained in
The resulting inclusion n ∈ W i contradicts previous assumptions. Hence τ is a renumbering of N and we may put
Proof of Theorem 3.5. Let G and H be any isomorphic, closed subgraphs of the p.e.c. graph and let f : V (G) → V (H) be an isomorphism preserving perturbating 2-sets. We intend to extend f to an automorphism φ: V (S) → V (S). The construction will be done by induction-using a back-and-forth argument.
Let us partition vertices outside the graphs G and H into sequences ordered as described in Lemma 3.7:
We shall construct an extension φ: V (S) → V (S) inductively together with two sequences of subgraphs G n , H n ⊂ S and isomorphisms f n :
(i) G n and H n are closed subgraphs of S,
The 0th step is already done. We assume that f n : V (G n ) → V (H n ) is constructed for an n ≥ 0, and the inductive hypotheses (i)-(iv) hold true. We intend to extend f n and to find a suitable G n+1 in four steps:
Following the idea of Observation 3.8, we shall put
n ∪ {x n }, and extend f n to f n+1 so as to
In order to apply condition (iv) of the p.e.c. property, let us observe that if any two elements v = f n (u), and v
. This is not possible, as G n is closed. Evidently, the same argument can be applied to B ′ , and thus neither A ′ nor B ′ contains any perturbating 2-set. An extra property of the two partitions is an equality
which follows from the inductive assumption (iii) as well as from properties of the sequences.
By Definition 2.2(iv) we find a pair
while edges joining u, u ′ and vertices of H n are in one-to-one correspondence with edges joining y n , z n and vertices of G n . The correct decision is to set f n+1 ( 
n , and an extension of f n+1 is necessary. Let us define sets
n is closed and so U ′ contain no perturbating 2-set (see an analogous reasoning above-for y n ). From Definition 2.2(iii), there exists a vertex u ∈ Q (S) \ f n+1 (V 1 n ), such that adjacency between the set V 1 n and the vertex x n are just the same as those between f n+1 (V 1 n ) and u. We set f n+1 (x n ) = u and put V 2 n = V 1 n ∪ {x n }. Next, we should find correct arguments (counter-images) of the function f n+1 for which it has values a n , b n and c n . This means an appropriate extension of f −1 n+1 -in a way completely analogous to the above part of the inductive step. We catch in a set theoretical form adjacency between a n , b n , and f n+1 (V To recapitulate, by the above inductive construction, the function φ: V (S) → V (S) such that φ| V (G n ) = f n , for n ≥ 0, has been obtained. It is a bijection and preserves adjacency. Hence, the function φ is an automorphism. In particular, we have φ| V (G) = f . One can easily observe that the above proof produces a large family of extensions of the isomorphism f : V (G) → V (H)-not a single one. The construction relies on strong existence properties formulated in the last two parts of Definition 2.2. A simple but more subtle analysis of the graph implies that for any finite subsets of vertices there exist infinitely many regular vertices and, respectively, infinitely many perturbating 2-sets which satisfy the conditions listed in Definition 2.2(iii)-(iv). In view of the proof of Theorem 3.5, we get the following. 
Remarks and open problem
Let us finish our study of an isomorphism's extension with an example, which was our motivation. 
